Fully Implicit Online Learning by Song, Chaobing et al.
ar
X
iv
:1
80
9.
09
35
0v
3 
 [c
s.L
G]
  6
 Fe
b 2
01
9
Fully Implicit Online Learning
Chaobing Song*, Ji Liu+, Han Liu+, Yong Jiang*, and Tong Zhang+
*Tsinghua University,
songcb16@mails.tsinghua.edu.cn, jiangy@sz.tsinghua.edu.cn
+Tencent AI Lab,
ji.liu.uwisc@gmail.com, hanliu@northwestern.edu, tongzhang@tongzhang-ml.org
February 8, 2019
Abstract
Regularized online learning is widely used in machine learning applications. In online learning, per-
forming exact minimization (i.e., implicit update) is known to be beneficial to the numerical stability
and structure of solution. In this paper we study a class of regularized online algorithms without lin-
earizing the loss function or the regularizer, which we call fully implicit online learning (FIOL). We
show that for arbitrary Bregman divergence, FIOL has the O(
√
T ) regret for general convex setting
and O(log T ) regret for strongly convex setting, and the regret has an one-step improvement effect be-
cause it avoids the approximation error of linearization. Then we propose efficient algorithms to solve
the subproblem of FIOL. We show that even if the solution of the subproblem has no closed form, it
can be solved with complexity comparable to the linearized online algoritms. Experiments validate the
proposed approaches.
1 Introduction
Online learning [SS+12, Haz16] has a wide range of applications in recommendation, advertisement, many
others. The commonly used algorithm for online learning is online gradient descent (OGD), which linearizes
the loss and regularizer in each step. OGD is simple and easy to implement. However because of lineariza-
tion, OGD may incur the numerical instability issue if the step size is not properly chosen. Meanwhile it is
unable to effectively explore the structure of regularizers. To overcome the numerical stability issue of OGD,
the algorithms to optimize the loss exactly (i.e., without linearization) are proposed, such as the well-known
passive aggressive (PA) framework [CDK+06, DCP08, WZH12, SZ14], implicit online learning [KB10]
and implicit SGD (I-SGD) [TAR14, TA15, TTA16, TA+17]. To explore the structure of regularizer, the
algorithms to optimize the regularizer exactly are proposed, such as composite mirror descent (COMID)
[DSSST10, DHS11] and regularized dual averaging (RDA) [Xia10, CLP12]. In the online setting, we call
the exact minimization to loss or regularizer as implicit update, because it is equivalent to OGD with an
implicit step size; while the vanilla OGD is called explicit update.
The methods that only perform implicit update with respect to (w.r.t.) regularizer have been well studied,
such as COMID and RDA. However, the analysis of the implicit update w.r.t. the loss function is proved
difficult. In the case that the regularizer (see r(w) in Table 1) does not exist , [CDK+06] gives relative loss
bounds when the loss function is hinge loss or squared hinge loss. However, the relative loss bounds are
unable to be converted to a sublinear regret bound to the best of our knowledge. Then [KB10] gives the
O(
√
T ) regret bound when ft(w) is squared loss and the O(log T ) when ft(w) is strongly convex. The
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Table 1: The iterative procedures of online learning algorithms
Algorithm (A) (B) (C)
SGD wt+1
def
= argmin
w∈Ω
{
〈f ′t(wt),w〉 +〈r′(wt),w〉 + 12ηt ‖w −wt‖22
}
PA wt+1
def
= argmin
w∈Ω
{
ft(w) +
1
2ηt
‖w −wt‖22
}
IOL wt+1
def
= argmin
w∈Ω
{
ft(w) +
1
2ηt
Bψ(w,wt)
}
COMID wt+1
def
= argmin
w∈Ω
{
〈f ′t(wt),w〉 +r(w) + 12ηtBψ(w,wt)
}
RDA wt+1
def
= argmin
w∈Ω
{
1
t
∑t
i=1〈f ′i(wi),w〉 +r(w) + 12tηtψ(w)
}
I-SGD wt+1
def
= argmin
w∈Ω
{
ft(w) +〈r′(wt),w〉 + 12ηt ‖w −wt‖22
}
FIOL (This Paper) wt+1
def
= argmin
w∈Ω
{
ft(w) +r(w) +
1
2ηt
Bψ(w,wt)
}
above two papers does not show any advantage of implicit update on regret bound. Meanwhile their proofs
are only suitable for some particular loss functions.
When the regularizer exists, and both the loss function and regularizer are not linearized, [McM10]
gives the first regret bound O(
√
T ) for general convex functions and show the one-step improvement of the
implicit update. However their analysis is only suitable when the auxiliary function is Euclidean distance
or Mahalanobis distance rather than arbitrary Bregman divergence. Meanwhile, [McM10] do not give the
O(log T ) regret in the strongly convex setting. Moreover, the one-step improvement in [McM10] is defined
based on a constructed function, which may be counterintuitive and makes the analysis complicated. Finally,
[McM10] did not provide efficient computational methods for the nontrivial subproblem of FIOL in each
iteration.
Consider the benefits of implicit update, we study the algorithm that performs implicit update on both the
loss function and regularizer, which we call fully implicit online learning (FIOL) in this paper. Compared
with the theoretical analysis [McM10] for the FIOL paradigm, we make the following improvements. First,
our analysis can be applied for the general Bregman divergence, which includes Euclidean distance and
Mahalanobis distance as special cases. Second, we given both O(
√
T ) regret in the general convex setting
and O(log T ) regret in the strongly convex setting. Third, we quantify the one-step improvement of implicit
update as the approximation error of linearization, which makes our analysis be intuitive and is much simpler
than that of [McM10].
Meanwhile, we address the problem of solving the nontrivial subproblem of FIOL in each iteration. For
the general online learning problem for empirical risk minimization, we show that the subproblem can be
solved to ǫ-accuracy with O(d log 1ǫ ) by the bisection method. Then we show that for the widely used ℓ1-
norm regularized online learning paradigm, we can solve the resulted subproblem exactly with O(d log d)
cost by an deterministic algorithm and with O(d) expected cost by an randomized algorithm. Experiments
validate our results.
2 Theory
Before continue, we provide the notations and the problem setting first. Let bold italic denote vector such
as x ∈ Rd and lower case italic denote scalar such as x ∈ R. Let the Hadamard product of two vectors
x1 and x2 as x1 ⊙ x2. We denote a sequence of vectors by subscripts, i.e., wt,wt+1, . . ., and entries in a
vector by non-bold subscripts, such as the j-th entry of wt is wtj . Let Ω denote a closed convex set in R
d,
and ‖ · ‖∗ denote the dual norm of norm ‖ · ‖. For a convex function h : Ω → R, we use ∂h(w) to denote
its subgradient set atw and use h′(w) denote any subgradient in ∂h(w), i.e., h′(w) ∈ ∂h(w). Throughout,
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ψ : Ω→ R designates a continuously differentiable function that is α-strongly convex w.r.t. a norm ‖ · ‖ on
its domain Ω, if for all w,v ∈ Ω,
ψ(w) ≥ ψ(v) + 〈∂ψ(v),w − v〉+ α
2
‖w − v‖2.
The Bregman divergence associated with ψ(w) is
Bψ(w,v)
def
= ψ(w)− ψ(v) − 〈ψ′(v),w − v〉,
which satisfiesBψ(w,v) ≥ α2 ‖w−v‖2 for some α > 0. Finally, we assume the dataset is {(x1, y1), (x2, y2),
. . . , (xT , yT )}, where for all t ∈ [T ], xt ∈ Rd is the feature vector and yt ∈ R is the predictive value.
In this paper we mainly consider the regularized loss minimization problem,
min
w∈Ω
{
1
T
T∑
t=1
ft(w) + r(w)
}
, (1)
where ∀t ∈ [T ], ft : Ω → R is a convex loss function, r : Ω → R is a convex regularizer, and both
functions have the trivial lower bound ∀w ∈ Rd, ft(w) ≥ 0, r(w) ≥ 0. Examples of the above formulation
include many well-known classification and regression problems. For binary classification, the predictive
value yt ∈ {+1,−1}. The linear support vector machine (SVM) is obtained by setting Ω = Rd, ft(w) =
max{1 − ytxTt w, 0} and r(w) = λ2‖w‖22. For regression, yt ∈ R. Lasso is obtained by setting Ω =
R
d, ft(w) =
1
2(yt − xTt w)2 and r(w) = λ‖w‖1.
In online learning, Eq. (1) is optimized by a player choosing awt from the convex set Ω in each iteration,
then a convex loss ft is revealed and the player pays the regularized loss ft(w) + r(w). The basic task in
online learning is to find an algorithm that can minimize the following regularized regret bound
RT
def
=
T∑
t=1
(ft(wt) + r(wt))− min
w∈Ω
( T∑
t=1
(ft(w) + r(w))
)
(2)
with a sublinear rate o(T ). Besides the regret bound, the numerical stability and the property of solution are
also of major concern.
Table 1 gives the iterative procedures of some representative online learning algorithms. In order to
stabilize the iteration, all the procedures involve an auxiliary function in the (C) part, where ηt denotes the
step size. SGD [RM85], PA [CDK+06] and I-SGD [TAR14] are mainly designed for the auxiliary function
of Euclidean distance 12‖ · ‖22, which is a special case of Bregman divergence by setting ψ(w) = 12‖w‖22.
All other algorithms in Table 1 are suitable for general ψ(w) or its Bregman divergence. As shown in
Table 1, SGD [RM85] linearizes both terms ft(w) and r(w); PA [CDK
+06] and IOL [KB10] perform
exact minimization (i.e, implicit update) on ft(w), while do not consider the regularizer r(w); COMID
[DSSST10] and RDA [Xia10] linearize ft(w) and perform implicit update on r(w); I-SGD linearizes r(w)
and performs implicit update on ft(w). All the above algorithms need some linearization of ft(w) or r(w),
while the FIOL algorithm
wt+1
def
= argmin
w∈Ω
{
ft(w) + r(w) +
1
2ηt
Bψ(w,wt)
}
(3)
studied in this paper do not need the linearization operation.
By using implicit update on both ft(w) and r(w), an explicit advantage is that we get rid of the approx-
imation error by linearization, which can be defined by
δt
def
= (ft(wt+1) + r(wt+1))−
(
ft(wt) + r(wt) + 〈f ′t(wt) + r′(wt),wt+1 −wt〉
)
. (4)
Because we assume that both ft(w) and r(w) are convex, we have δt ≥ 0. By the definition of δt, we
obtain Lemma 1 by using a rather straightforward extension of the analysis of online mirror descent [BT03].
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Lemma 1. Let the sequence {wt} be defined by the FIOL algorithm in Eq. (3). Assume that for all t,
ft(w) + r(w) is convex. Then for any w ∈ Rd, we have
(ft(wt) + r(wt))− (ft(w) + r(w)) ≤ 1
ηt
(Bψ(w,wt)−Bψ(w,wt+1)) + ηt
2α
‖f ′t(wt) + r′(wt)‖2∗ − δt.
(5)
Compared with the analysis of online mirror descent [BT03], the only difference is an extra term δt ≥ 0
exists on the right hand side (RHS) of (26). Then based on Lemma 1, we have Theorem 1.
Theorem 1. Let the sequence {wt} be defined by the FIOL algorithm in Eq. (3). Assume that for all t,
ft(w)+ r(w) is convex andw
∗ = argmin
w∈Ω
(∑T
t=1 (ft(w) + r(w))
)
. For t ∈ [T ], there are constants
G such that ‖f ′t(wt) + r′(wt)‖∗ ≤ G and D such that Bψ(w∗,wt) ≤ D2. Then by setting ηt =
√
2αD
G
√
T
, it
follows that,
RT ≤ GD
√
2T√
α
−
T∑
t=1
δt, (6)
by setting ηt =
√
αD
G
√
t
, it follows that
RT ≤ 2GD
√
T√
α
−
T∑
t=1
δt, (7)
where RT is the regularized regret defined in Eq. (2) and δt is the one-step improvement in Eq. (4).
By Theorem 1, compared with the regret of online gradient descent [Haz16], FIOL has an extra gain∑T
t=1 δt, which shows the effect of FIOL that it avoids the approximation error of linearization.
Similar to online gradient descent, by assuming that for all t, ft(w) + r(w) is σ-strongly convex w.r.t.
to ψ(w), that is for any w,v ∈ Ω,
ft(w) + r(w) ≥ft(v) + r(v) + 〈f ′t(v) + r′(v),w − v〉 + σBψ(w,v), (8)
we can obtain logarithmic regret for FIOL in Theorem 2.
Theorem 2. Let the sequence {wt} be defined by the FIOL algorithm in Eq. (3). Assume that for all t,
ft(w) + r(w) is σ-strongly convex w.r.t. ψ(w) and ‖f ′t(w) + r′(w)‖∗ ≤ G. By setting ηt = 1σt , then we
have
RT ≤ σBψ(w,w1) + G
2 log T
2ασ
−
T∑
t=1
δt. (9)
2.1 The numerical stability of FIOL
In Theorems 1 and 2, where the step size is carefully chosen, the extra gain
∑T
t=1 δt may be small. However,
if the step size is overlarge, in this subsection, we use a particular example to show that FIOL will not
diverge, but stabilize the iteration in a fixed accuracy.
For all t, we assume ft(w)
def
= φt(x
T
t w), wherew ∈ Rd and φt : R→ R is a γ-strongly convex function
1 w.r.t. 12‖ · ‖22, i.e., for all z, y ∈ R,
φt(z) ≥ φt(y) + 〈φ′t(y), z − y〉+
γ
2
(z − y)2,
and set ψ(w) = 12‖w‖22. Then we have Proposition 1.
1It should be noted that the fact φt(z) is strongly convex about z does not imply ft(w) is strongly convex about w
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Proposition 1. Let the sequence {wt} be defined by the FIOL algorithm in Eq. (3). Assume that for all t,
ft(w) + r(w) is convex and ηt = η0. Then for any w ∈ Rd, we have
RT ≤ 1
2η0
‖w1 −w∗‖22 + r(w1) +
η0‖xt‖22(φ′t(z))2|z=xTt wt
2(1 + γη0‖xt‖22)
. (10)
In Proposition 1, we use a fixed step size η0 in all the iterations. In the case that the data {xt} is not
normalized properly, it is possible that we improperly set a large η0 such that ∀t, η0 ≫ 1γ‖xt‖22 , then
RT .
1
2η0
‖w1 −w∗‖22 + r(w1) +
T∑
t=1
(φ′t(z))2|z=xTt wt
2γ
, (11)
where the second term of RHS in Eq. (12) is independent on η0. Therefore, with the assumption that
∀t, (φ′t(z))2|z=xTt wt is bounded by a constant, even if η0 → +∞, we can still obtain an O(T ) regret. In
contrast, in the COMID algorithms, the regret will be
RT ≤ 1
2η0
‖w1 −w∗‖22 + r(w1) +
T∑
t=1
η0
2
‖f ′t(xTt w)‖22, (12)
when we use a fixed large step size η0, the regret will be O(η0T ). Therefore by this regret analysis, the
regret of COMID can not be guaranteed to be independent from η0 and will be unbounded as η0 → +∞.
Thus COMID may be unstable for overlarge η0.
3 Computation
In this section, we consider the efficient computation methods to solve the subproblem of FIOL in each itera-
tion. Particularly, we consider the empirical risk minimization problem and assume thatΩ
def
= Rd, Bψ(w,wt)
def
=
1
2‖w − wt‖22, ft(w)
def
= φt(x
T
t w) and lt(w)
def
= r(w) + 12ηt ‖w − wt‖22, where φt : R → R is a convex
function and lt : R
d → R is a strongly convex function. To simplify the notation, we omit the subscript “t”
and use w˜
def
= wt+1 andwˆ
def
= wt. Then we rewrite the FIOL iteration as
w˜ = argmin
w∈Rd
{
φ(xTw) + l(w)
}
. (13)
Then assume that φ(z)
def
= supβ∈R{zβ − φ∗(β)} and l∗(z) def= supw∈Rd{zTw − l(w)}, where φ(z) is the
convex conjugate of φ∗(β) and l∗(z) is the convex conjugate of l(w). Then by the convex duality [SSZ13],
we have
min
w∈Rd
{
f(w) + r(w) +
1
2η
‖w − wˆ‖22
}
= min
w∈Rd
{
φ(xTw) + l(w)
}
= min
w∈Rd
sup
β∈R
{−βxTw − φ∗(−β) + l(w)}
= sup
β∈R
{
−φ∗(−β)− sup
w∈Rd
(βxTw − l(w))
}
= sup
β∈R
{−φ∗(−β)− l∗(βx)} .
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Denote ϕ(β)
def
= φ∗(−β) + l∗(βx). It is known that if the optimal solution β˜ of minβ∈R ϕ(β) is found,
then the optimal solution of w˜ is w˜ = ∇l∗(z)|
z=β˜x. Therefore, the problem about w is converted to a
finding the optimal solution of the one-dimensional problem minβ∈R ϕ(β) about β, which is equivalent
to finding the root of the derivative ϕ′(β). It is known that ϕ(β) is a convex function and thus ϕ′(β) is
non-decreasing. Then we can use the well-known bisection method to find an approximate root of the non-
decreasing function ϕ′(β). In the bisection method, first we determine two points β1 ∈ R and β2 ∈ R such
that ϕ′(β1) ≤ 0 and ϕ′(β2) ≥ 0. Then we can use Alg. 1 to find an approximate root.
Algorithm 1 The bisection method
1: Find β1, β2 ∈ R such that ϕ′(β1) ≤ 0 and ϕ′(β2) ≥ 0
2: low = β1,high = β2,mid = (low + high)/2
3: while |ϕ′(mid)| ≥ ǫ do
4: mid = (low + high)/2
5: if ϕ′(mid) > 0 then
6: high = mid
7: else
8: low = mid
9: end if
10: end while
11: return mid
To find an ǫ-accurate root, the bisection method needs O
(
log
(β2−β1
ǫ
))
iterations. In the online learn-
ing setting, evaluating ϕ′(β) has O(d) cost in general. Therefore, to find an ǫ-accurate root, the overall
complexity of Alg. 1 is O
(
d log
(β2−β1
ǫ
))
.
For some more concrete settings, we can find better iterative algorithms or even closed-form solution.
For example, if Ω
def
= Rd, f(w)
def
= φ(xTw)
def
= 12(y−xTw)2 and r(w) = λ2‖w‖22, then by taking derivative
of (13) directly and we can find
w˜
def
= wˆ − η(x
T
wˆ − (η + λ)y)
(η + λ)(η‖x‖22 + (η + λ))
x.
In the following discussion, we consider to find the exact optimal solution in a setting which is widely used
but does not have closed-form solution: φ(z) is the convex loss function used in empirical risk minimization,
such as the squared loss 12(y − z2) (y ∈ R), the hinge loss {1 − yz, 0} (y ∈ {−1,+1}), the logistic loss
log(1 + exp(−yz)) (y ∈ {−1,+1}) and the exponential loss exp(−yz) (y ∈ {−1,+1}); meanwhile
r(w) = λ‖w‖1.
As shown in [SSZ13, Section 5], we have
l∗(βx) =
1
2η
d∑
i=1
(max{|wˆi + ηβxi| − λη, 0})2
∇l∗(z)|
z=βx =sign(wˆi + ηβxi)max{|wˆi + ηβxi| − λη, 0}. (14)
Define g(β)
def
= (l∗(βx))′, then we have
g(β)
def
=
∑d
i=1 xi
(
max{wˆi + ηβxi − λη, 0}
+min{wˆi + ηβxi + λη, 0}
)
. (15)
It is easy to verify that g(β) is a piecewise linear function.
Meanwhile, by the dual formulation φ∗(z) (see [SSZ13, Section 5]), we have Proposition 2.
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Proposition 2. For C1, C2 ∈ R, when φ(z) is square loss, hinge loss or other linear/quadratic loss, the
exact root of (φ∗(−β))′ +C1β +C2 can be found with O(1) cost; when φ(z) is exponential loss or logistic
loss, we can find a high-accuracy solutoin by Newton method in several O(1) iterations.
The resulted problem is to find the root of the non-decreasing function
ϕ′(β) = (φ∗(−β))′ + g(β). (16)
After the optimal solution of β˜ is found, we obtain w˜ = ∇l∗(z)|
z=β˜x.
In order to find β˜, we reformulate g(β) in Lemma 2.
Lemma 2. Suppose u,v ∈ Rd satisfy that for all i ∈ [d], denote ui def= − 1ηxi (wˆi − sign(xi)λη), vi
def
=
− 1ηxi (wˆi + sign(xi)λη). Denote µ
def
= [uT ,vT ]T ∈ R2d, z def= [(x ⊙ x)T ,−(x ⊙ x)T ]T ∈ R2d. Then we
can rewrite g(β) as follows
g(β) = η
2d∑
i=1
zimax{β − µi, 0}+ η
d∑
i=1
x2i (β − vi). (17)
Proof of Lemma 2. It follows that
g(β)
1©
= η
d∑
i=1
x2i (max {β − ui, 0}+min {β − vi, 0})
= η

 ∑
i:ui<β
x2i (β − ui) +
∑
i:vi≥β
x2i (β − vi)


= η

 ∑
i:ui<β
x2i (β − ui)−
∑
i:vi<β
x2i (β − vi)


+η
d∑
i=1
x2i (β − vi)
2©
= η
∑
i∈[2d]:µi<β
zi(β − µi) + η
d∑
i=1
x2i (β − vi).
= η
2d∑
i=1
zimax{β − µi, 0} + η
d∑
i=1
x2i (β − vi),
where 1© is by the definition of u and v, 2© is by the definition of µ and z.
By (17), g(β) can be reduced to the sum of the max operators of β plus a linear function w.r.t. β. If we
know the relationship of the solution β˜ and µi(i ∈ [2d]) beforehand, then g(β) will be a linear segment and
thus β˜ then we get a much simpler problem, which can be solved efficiently by Proposition 2. Therefore,
the remaining task is to determine the relationship between β˜ and µi. In this section, we provide two kinds
of algorithms: one is based on sorting; the other is based on partition.
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3.1 The sorting-based algorithm
First we sort µ such that µk1 ≤ µk2 ≤ · · · ≤ µk2d , where k1, k2, . . . , k2d is a permutation of [2d]. In
addition, set µk0
def
= −∞ and µk2d+1 def= +∞. Then for j ∈ [2d + 1], if µkj−1 ≤ β < µkj , then by Eq. (17),
we have
g(β) = η
j−1∑
l=1
zkl(β − µkl) + η
d∑
i=1
x2i (β − vi), (18)
which means that if we restrict β in µkj−1 ≤ β < µkj , then g(β) is a linear segment. For j ∈ [2d + 1],
if we compute the linear coefficients of the linear segment g(β)(µkj−1 ≤ β < µkj) orderly from j = 1
to 2d + 1, then we can compute all the coefficients in O(d) time. If the linear coefficients of the linear
segment g(β)(µkj−1 ≤ β < µkj) is computed, then we can evaluate ϕ(β)(µkj−1 ≤ β < µkj ) in O(1) time.
Meanwhile if µkρ−1 ≤ β˜ ≤ µkρ , by the non-decreasing property, it must be
ϕ′(µkρ−1) ≤ 0 and ϕ′(µkρ) ≥ 0. (19)
Equivalently we have Lemma 3.
Lemma 3. Let β˜ be the optimal solution. Let µ and z be defined in Lemma 2. Let {k1, k2, . . . , k2d} be the
permutation of [2d] such that µk1 ≤ µk2 ≤ · · · ≤ µk2d and set µ2d+1 = +∞. Denote p1
def
=
∑d
i=1 x
2
i , q1
def
=∑d
i=1 x
2
i vi. Then we can find
ρ
def
= min
{
j ∈ [2d+ 1] : (φ∗(−µkj))′
+ η
(
p1 +
j−1∑
l=1
zkl
)
µkj − η
(
q1 +
j−1∑
l=1
zklµkl
)
≥ 0
}
(20)
such that β˜ is the solution of the equation
(φ∗(−β))′ + η
(
p1 +
ρ−1∑
l=1
zkl
)
β − η
(
q1 +
ρ−1∑
l=1
zklµkl
)
= 0. (21)
Proof. Because ϕ(β) is a non-decreasing function, the ρ ∈ [2d+ 1] that satisfies Eq. (19) is equivalent to
ρ
def
= min
{
j ∈ [2d+ 1] : ϕ′(µkρ) ≥ 0
}
.
Then by the formulation of g(β) in Eq. (18) and the definitions of p1 and q1, we get Eq. (20).
Based on Lemma 3, we give Alg. 2.
Because a sorting operation on the vector µ exists, Alg. 2 has O(d log d) complexity.
3.2 The partition-based algorithm
According to Lemma 3, the problem to find the optimal solution β˜ is equivalent to finding the ρ-smallest
element of µ. Finding the ρ-smallest element in a sequence is a well-known problem [Cor09], which can
be solved with the O(d) linear time by the randomized median algorithm [Cor09, §9]. Motivated by the
randomized median algorithm and its variant [DSSSC08], in this section we propose Alg. 3 to find β˜ and w˜
with O(d) expected time.
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Algorithm 2 The sort-based algorithm for the FIOL problem in Eq. (13)
1: Input: µ, z defined in Lemma 2 and three scalars η > 0, p1
def
=
∑d
i=1 x
2
i , q1
def
=
∑d
i=1 x
2
i vi
2: Sort µ such that µk1 ≤ µk2 ≤ · · · ≤ µk2d , where {k1, k2, . . . , k2d} is a permutation of [2d]; set
µk2d+1
def
= +∞
3: Find ρ by Eq. (20)
4: Set β˜ as the solution of Eq. (21)
5: w˜ = ∇l∗(z)|
z=β˜x by Eq. (14)
In Alg. 3, we use a divide and conquer strategy to replace the sort iteration. In each iteration, according
to the value of (φ∗(−µk))′ + η(p +∆p)µk − η(q +∆q) we will determine whether to update the value of
p and q, and the set U will be reduced to its subset G or L until U = ∅. After the loop terminates, we can
obtain β˜ by finding the root of the equation in the step 12 and output w˜ by Eq. (14).
To show the correctness, first we notice that after each iteration, the index k of the anchor point will be
removed from U , and thus the cardinality of U will be reduced by at least 1. Therefore, by at most 2d + 2
iterations, the loop will stop.
Meanwhile, if we sort µ such that µk1 ≤ µk2 ≤ · · · ≤ µk2d and set µk0 def= −∞ and µk2d+1 def= +∞,
then there must exist i∗ ∈ [2d + 1] such that the optimal solution β˜ satisfies µki∗−1 ≤ β˜ ≤ µki∗ . Then on
the one hand, we reduce the cardinality of the set U by the divide and conquer strategy. On the other hand,
we aim to keep the following loop invariant:
h(β)
def
= (φ∗(−β))′ +
∑
k∈U
zk max{β − µk, 0} + ηpβ − ηq, (22)
satisfies the two conditions
• (condition 1): β˜ ∈ [mink∈U µk,maxk∈U µk] or µki∗+1 = mink∈U µk or µki∗ = maxk∈U µk
• (condition 2): h(β) = ϕ′(β) if β ∈ [mink∈U µk,maxk∈U µk]
until U = ∅. After U = ∅, we can find β˜ in the step 12.
In the initialization step of Alg. 3, we initialize U = [2d], p =
∑d
i=1 x
2
i , q =
∑d
i=1 x
2
i vi. Then on the
one hand, because [µ0,mink∈U µk] ∪ [mink∈U µk,maxk∈U µk] ∪ [maxk∈U µk, µ2d+1] = R, the (condition
1) is true trivially. By the definition of p and q, the (condition 2) is true trivially.
Then assume that before an iteration (i.e., after the previous iteration), the loop invariant holds. By the
induction assumption, and the definition of ∆p and ∆q, we have
ϕ(µk) = h(µk)
= (φ∗(−µk))′ +
∑
i∈L
zi(µk − µi) + ηpµk − ηq
= (φ∗(−µk))′ + η(p+∆p)µk − η(q +∆q). (23)
Therefore in the step 5 of Alg. 3, if ϕ(µk) = (φ
∗(−µk))′+ηpµk−ηq < 0, because ϕ(β) is non-decreasing
and we assume µki∗ ≤ β˜ ≤ µki∗+1 , we have µk < β˜ ≤ µki∗+1 .
• If β˜ ∈ [mink∈U µk,maxk∈U µk], then we have ki∗ , ki∗+1 ∈ U . By the definition of G and the
condition µk < β˜ ≤ µki∗+1 , there must be ki∗+1 ∈ G. Therefore we have µk < β˜ ≤ maxk∈G µk, i.e,
β˜ ∈ [mink∈G µk,maxk∈G µk].
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• If µki∗+1 = mink∈U µk, there must be ∀k ∈ U, φ(µk) ≥ 0, which contradicts with our assumption
that ϕ(µk) < 0.
• If µki∗ = maxk∈U µk, then if G 6= ∅, then by the definition of G and the assumption µki∗ =
maxk∈U µk, we have ki∗ ∈ G\{k}, there must be µki∗ ∈ G. When G = ∅, after the iteration
U ← G\{k} = ∅, the loop stops; When |G| ≥ 2,
Meanwhile, for β ∈ [mink∈G µk,maxk∈G µk] ⊂ [mink∈U µk,maxk∈U µk],
ϕ(β) = h(β) = (φ∗(−β))′ +
∑
k∈U
zk max{β − µk, 0}]
+ηpβ − ηq
= (φ∗(−β))′ +
∑
k∈L
zk max{β − µk, 0}
+
∑
k∈G
zk max{β − µk, 0}+ ηpβ − q
= (φ∗(−β))′ +
∑
k∈G
zk max{β − µk, 0}
+(p+∆p)− (q +∆q)λ.
Based on the above analysis, if ϕ(µk) = (φ
∗(−µk))′ + ηpµk − ηq < 0, by setting p = p + ∆p; q =
q +∆q;U ← G\{k}, the loop invariant can still be true.
For the case (φ∗(−µk))′+ η(p+∆p)µk − (q+∆q) ≥ 0, by a similar analysis, after the update step 10,
the loop invariant can still be satisfied.
By the (condition 1) and (condition 2) and the definition of h(β), after U = ∅, we have ϕ(β) = h(β) =
(φ∗(−µk))′+ηpβ−ηq and therefore we can find β˜ by finding the root of the equation (φ∗(−µk))′+ηpβ−ηq.
By keeping the partial sum by p and q, the iteration cost of Alg. 3 is O(|U |). As shown in [Cor09],
combined with the randomized pivot strategy, by [Cor09, §9] it has the expected linear time complexity
O(d).
Remark 1. If we use the median of medians strategy [Cor09] to replace the randomized pivot strategy, the
worst complexity of Alg. 3 will be O(d). However, its empirical performance is often worse than that of the
randomized pivot strategy.
4 Experiments
Table 2: The best step size, the corresponding function value and sparsity
Correlation ρ 0 0.5
Alg Step size Value Sparsity Step size Value Sparsity
SGD 10−6 0.4313 0 10−9 0.7863 0
COMID 10−6 0.3964 100 10−9 0.7680 0
I-SGD 10−5 0.1948 0 10−4 0.163 0
Alg. 2 10−4 0.3696 61 10−4 0.4079 33
Alg. 3 10−4 0.3049 111 10−4 0.313 100
In the section, to show the speed, stability and the sparsity of solution, we compare 4methods: stochastic
subgradient descent (SGD), online composite mirror descent (COMID), implicit SGD (I-SGD) and the full
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Algorithm 3 The partition-based algorithm for the FIOL problem in Eq. (13)
1: Input: µ and z defined in Lemma 2 and a scalar η > 0 and set µ2d+1 = +∞
2: p =
∑d
i=1 x
2
i , q =
∑d
i=1 x
2
i vi; U = [2d+ 1]
3: while U 6= ∅ do
4: Pick k ∈ U
5: Partition U : L = {j ∈ U |µj ≤ µk}; G = {j ∈ U |µj > µk}
6: Calculate ∆p =
∑
j∈L zj ; ∆q =
∑
j∈L zjµj
7: if (φ∗(−µk))′ + η(p+∆p)µk − η(q +∆q) < 0 then
8: p = p+∆p; q = q +∆q;U ← G
9: else
10: U ← L\{k}
11: end if
12: Set β˜ as the solution of (φ∗(−β))′ + ηpβ − ηq = 0
13: end while
14: Output w˜ = ∇l∗(z)|
z=β˜x by Eq. (14)
implicit online learning in Eq. (3) of this paper. Alg. 2 and Alg. 3 are used to solve Eq. (3). In this
experiment we solve the lasso problem
min
w∈Rd
E
[
1/2(aTw − b)2]+ λ‖w‖1 (24)
in the online setting, where a is the sample vector, b is the prediction value. In order to show the performance
under data with different quality, following [TTA15], we use synthetic data and control the correlation
coefficient betwee features. In the t-the iteration, a sample vector at ∈ Rd is generated, where atj = ctj+δdt
with ctj ∼ N (0, 1), dt ∼ N (0, 1) and δ is a constant. Then the correlation coefficient between ai,j and ai,j′
(j 6= j′) is ρ = δ2/(1 + δ2). The prediction bt of the t-th iteration is defined as bt = aTt w˜ + τǫt, where
w˜j = (−1)j exp(−2(j − 1)/20) so that the elements of the true parameters have alternating signs and are
exponentially decreasing, the noise ǫt ∼ N (0, 1) and τ is chosen to control the signal-to-noise ratio. For
the 5 algorithms, the step size is tuned over {10−10, 10−9, . . . , 102}. We implement the 5 algorithms in a
common framework and use them to solve Eq. (24) in the online fashion.
In this experiments, we set d = 1000, τ = 0.2, λ = 0.1,w1 = 0 and run all the algorithms in a fixed
time under the setting ρ = 0 and ρ = 0.5. Then the result is given in Table 2.
In Table 2, the column Step size denotes the step size which makes the largest reduction of the objective
function; the column Value denote the value of objective function 12N
∑N
t=1(a
T
t wt − bt)2 + λ‖wt‖1, where
N is the number of iterations; the column Sparsity denote the number of zero elements of the solution in the
last iteration.
In Table 2, it is shown that the correlation between the feature vectors have large impact on the explicit
update algorithm SGD and COMID which linearizes the loss function. While the algorithms such as I-SGD,
Alg. 2 and Alg. 3, which performs implicit update for loss function, are robust for the correlation coefficient
ρ. Because implicit update can be viewed as explicit update with data adaptive step size [KB10], it is more
robust for the scale of data and has better numerical stability.
Meanwhile, both SGD and I-SGD linearize the regularization term λ‖w‖1 and thus cannot induce spar-
sity of solution effectively. While COMID, Alg. 2and Alg. 3 perform implicit update for the regularization
term λ‖w‖1. From the computational perspective, implicit update w.r.t. λ‖w‖1 corresponds the update by
soft thresholding operator, which can shrink small elements to 0. Therefore, the 3 algorithms have sparsity
inducing effect. While it is observed that when ρ = 0.5 and COMID becomes unstable, it can not induce
sparsity effectively.
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Finally, under the same runtime, they can result in larger reduction of objection function than Alg. 2and
Alg. 3 , although the iterative solving method employed by Alg. 2and Alg. 3 are slower than the closed-form
update of SGD and COMID. This is because that implicit update w.r.t. to the loss function allows us to use
a larger step size.
While because Alg. 2and Alg. 3 and I-SGD can use the same step size and the closed-form update of
I-SGD is faster, under the same run time, I-SGD can get a larger reduction of objection function. However,
it should be noted that first, to the best of our knowledge, the proposed Alg. 2and Alg. 3 algorithms are the
first attempts to solve the full implicit online learning problem in Eq. (3) efficiently; second compared to
I-SGD, Alg. 2and Alg. 3 can induce sparsity effectively.
5 Conclusion
In this paper, we mainly study an online algorithm which perform exact minimization (i.e, implicit update)
for both loss function and regularizer. By performing implicit update, it avoids the approximation error of
linearization, keeps the numerical stability when the step size is properly set to a large value, and exploits
the structure of regularizer to obtain a structure solution. The regret bound analyses are given in given
for FIOL. Meanwhile, we propose efficient computational algorithms to solve the nontrivial subproblem of
FIOL, while these computational algorithms are only suitable for the empirical risk minimization (ERM)
problem. In the future, we will explore more efficient computational algorithms for the problems beyond
the ERM problem.
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Proof of Lemma 1. In the proof, we use ∂ft(x
T
t w) to denote the subgradient w.r.t.w and use ∂ft(z)|z=xTt w
to denote the subgradient w.r.t. the scalar xTt w.
For Eq. (3), the optimality condition of wt+1 implies ∀w ∈ Ω, and f ′t(wt+1) ∈ ∂ft(wt+1), r′(wt+1) ∈
∂r(wt+1),
〈w −wt+1, f ′t(wt+1) + r′(wt+1) +
1
ηt
(∇ψ(wt+1)−∇ψ(wt)) ≥ 0. (25)
Then it follows that
(ft(wt+1) + r(wt+1))− (ft(w) + r(w))
1©
≤ 〈f ′t(wt+1) + r′(wt+1),wt+1 −w〉
2©
=
1
ηt
〈∇ψ(wt)− ψ(wt+1),wt+1 −w〉
3©
=
1
ηt
(Bψ(w,wt)−Bψ(w,wt+1)−Bψ(wt+1,wt)) , (26)
where 1© is by the convexity of ft(w) + r(w), 2© is by the optimality condition Eq. (25), 3© is by the
triangle inequality. Meanwhile
ft(wt+1) + r(wt+1)− (ft(w) + r(w))
= ft(wt) + r(wt)− (ft(w) + r(w)) + 〈f ′t(wt) + r′(wt),wt+1 −wt〉
+ft(wt+1) + r(wt+1)− (ft(wt) + r(wt))− 〈f ′t(wt) + r′(wt),wt+1 −wt〉
1©
= ft(wt) + r(wt)− ft(w)− r(w) + 〈f ′t(wt) + r′(wt),wt+1 −wt〉+ δt, (27)
where 1© is by the definition of δt in Eq. (4).
By Eq. (26) and (27), it follows that
(ft(wt) + r(wt))− (ft(w) + r(w))
≤ 1
ηt
(Bψ(w,wt)−Bψ(w,wt+1)−Bψ(wt+1,wt))
−〈f ′t(wt) + r′(wt),wt+1 −wt〉 − δt
1©
≤ 1
ηt
(Bψ(w,wt)−Bψ(w,wt+1))− α
2ηt
‖wt+1 −wt‖2
−〈f ′t(wt) + r′(wt),wt+1 −wt〉 − δt
2©
≤ 1
ηt
(Bψ(w,wt)−Bψ(w,wt+1)) + ηt
2α
‖f ′t(wt) + r′(wt)‖2∗ − δt,
where 1© is by the property of Bregman divergence Bψ(wt+1,wt) ≥ α2ηt ‖wt+1 − wt‖2, 2© follows from
the Fenchel-Young inequality applied to ‖ · ‖22.
Lemma 1 is proved.
Proof of Theorem 1. It follows that
(ft(wt) + r(wt))− (ft(w) + r(w))
1©
≤ 1
ηt
(Bψ(w,wt)−Bψ(w,wt+1)) + ηt
2α
‖f ′t(wt) + r′(wt)‖2∗ − δt
2©
≤ 1
ηt
(Bψ(w,wt)−Bψ(w,wt+1)) + ηtG
2
2α
− δt, (28)
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where 1© is by Lemma 1, and 2© is by the assumption ‖f ′t(wt) + r′(wt)‖2 ≤ G.
In addition, by the assumption Bψ(w,wt) ≤ D2 and by setting ηt =
√
αD
G
√
t
, we have
T∑
t=1
1
ηt
(Bψ(w,wt)−Bψ(w,wt+1))
=
T∑
t=1
(
G
√
t√
αD
(Bψ(w,wt)−Bψ(w,wt+1))
)
=
T∑
t=1
(
G√
αD
(√
t− 1‖wt −w‖22 −
√
t‖wt+1 −w‖22 + (
√
t−√t− 1)‖wt −w‖22
))
≤ GD
√
T√
α
(29)
and
T∑
t=1
ηtG
2
2
=
T∑
t=1
√
αDG
2
√
t
≤
∫ T
t=1
GD
2
√
t
dt ≤ GD
√
T√
α
By Eq. (28), (29) and (29), we have
T∑
t=1
((ft(wt) + r(wt))− (ft(w) + r(w))) ≤ 2GD
√
T√
α
−
T∑
t=1
δt.
By setting w∗ = argmin
w∈Rd
(∑T
t=1 (ft(w) + r(w))
)
in Eq. (30), Theorem 1 is proved.
Lemma 4. Let the sequence {wt} be defined by the FIOL algorithm in Eq. (3). Assume that for all t,
ft(w) + r(w) is σ-strongly convex w.r.t. ψ(w). Then we have
(ft(wt) + r(wt))− (ft(w) + r(w))
≤ 1
ηt
(Bψ(w,wt)−Bψ(w,wt+1)) + ηt
2α
‖f ′t(wt) + r′(wt)‖2∗ − σBψ(w,wt+1)− δt. (30)
Proof of Lemma 4. The proof is effectively identical to that of Lemma 1. Note that
ft(wt+1) + r(wt+1))− (ft(w) + r(w)) + σBψ(w,wt+1) ≤ 〈f ′t(wt+1) + r′(wt+1),wt+1 −w〉
(31)
Now we simply proceed as in the proof of Lemma 1.
Proof of Theorem 2. By Lemma 4, it follows that
T∑
t=1
ft(wt) + r(wt)− ft(w)− r(w)
≤
T∑
t=1
(
1
ηt
(Bψ(w,wt)−Bψ(w,wt+1)) + ηt
2α
‖f ′t(wt) + r′(wt)‖22 − σBψ(w,wt+1)− δt
)
≤ 1
η1
Bψ(w,w1)− 1
ηT
Bψ(w,wt+1) +
T−1∑
t=1
Bψ(w,wt+1)
((
1
ηt+1
− 1
ηt
)
− σ
)
+
ηt
2α
‖f ′t(wt) + r′(wt)‖2∗ −
T∑
t=1
δt. (32)
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By setting ηt =
1
σt , then we have
1
ηt+1
− 1ηt − σ = 0. By assuming that ‖f ′t(wt) + r′(wt)‖2 ≤ G, we have
T∑
t=1
ft(wt) + r(wt)− ft(w)− r(w)
≤ σBψ(w,w1) + G
2
2α
T∑
t=1
ηt −
T∑
t=1
δt
≤ σBψ(w,w1) + G
2 log T
2ασ
−
T∑
t=1
δt (33)
By setting w∗ = argmin
w∈Rd
(∑T
t=1 (ft(w) + r(w))
)
in Eq. (33), Theorem 2 is proved.
Proof of Proposition 1. By the assumption of ft(z)
def
= φ(xTt w) and φ(z) is γ-strongly convex w.r.t.
1
2‖·‖22,
it follows that
δˆt
def
= ft(wt+1)− ft(wt)− 〈f ′t(wt),wt+1 −wt〉
= ft(wt+1)− ft(wt)− (φ′t(z)|z=xTt w) · (wt+1 −wt)
≥ γ
2
‖wt+1 −wt‖22 =
γ
2
(wt+1 −wt)TxtxTt (wt+1 −wt)
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Then we have
(ft(wt) + r(wt+1))− (f(xTt w) + r(w))
1©
≤ 1
ηt
(
1
2
‖wt −w‖22 −
1
2
‖wt+1 −w‖22 −
1
2
‖wt −wt+1‖22)
−〈f ′t(wt),wt+1 −wt〉 − δˆt
2©
≤ 1
ηt
(
1
2
‖wt −w‖22 −
1
2
‖wt+1 −w‖22 −
1
2
‖wt −wt+1‖22)
−〈f ′t(wt),wt+1 −wt〉 −
γ
2
(wt+1 −wt)TxtxTt (wt+1 −wt)
=
1
ηt
(
1
2
‖wt −w‖22 −
1
2
‖wt+1 −w‖22)− 〈f ′t(wt),wt+1 −wt〉
− 1
2ηt
(wt+1 −wt)T (I + γηtxtxTt )(wt+1 −wt)
=
1
ηt
(
1
2
‖wt −w‖22 −
1
2
‖wt+1 −w‖22)
−〈(I + γηtxtxTt )−1/2f ′t(wt), (I + γηtxtxTt )1/2(wt+1 −wt)〉
− 1
2ηt
‖(I + γηtxtxTt )
1
2 (wt+1 −wt)‖22
3©
≤ 1
ηt
(
1
2
‖wt −w‖22 −
1
2
‖wt+1 −w‖22) +
ηt
2
‖(I + γηtxtxTt )−1/2f ′t(wt)‖22
=
1
ηt
(
1
2
‖wt −w‖22 −
1
2
‖wt+1 −w‖22) +
ηt
2
(f ′t(wt))
T (I + γηtxtx
T
t )
−1f ′t(wt)
4©
≤ 1
ηt
(
1
2
‖wt −w‖22 −
1
2
‖wt+1 −w‖22
)
+
ηt
2(1 + γηt‖xt‖22)
‖f ′t(xTt w)‖22,
5©
=
1
ηt
(
1
2
‖wt −w‖22 −
1
2
‖wt+1 −w‖22
)
+
ηt‖xt‖22(φ′(z))2|z=xTt wt
2(1 + γηt‖xt‖22)
, (34)
where 1© is by Lemma 1, 2© is by Eq. (34), 3© is by the Fenchel-Young inequality applied to ‖ · ‖22, 4©
is by the fact f ′t(xTt w) = (φ′t(z)|z=xTt w) · xt is a eigenvector of (I + γηtxtxTt )−1 and the corresponding
eigenvalue is 1
1+γηt‖xt‖22
, 5© is by f ′t(xTt w) = (φ′t(z)|z=xTt w) · xt.
Then summing Eq. (34) from t = 1 to T , rearranging the resulted inequality and drop out the r(wt+1)
term, we prove the Proposition 1.
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